Analytical expressions of some of the spin-spin correlation functions up to eight lattice sites for the spin-1/2 anti-ferromagnetic Heisenberg chain at zero temperature without magnetic field are obtained. The key object of our method is the generating function of two-point spin-spin correlators, whose functional relations are derived from those for general inhomogeneous correlation functions previously obtained from the quantum Knizhnik-Zamolodchikov equations. We show how the generating functions are fully determined by their functional relations, which leads to the two-point spinspin correlators. The obtained analytical results are numerically confirmed by the exact diagonalization for finite systems.
Introduction
The spin-1/2 antiferromagnetic Heisenberg XXX chain is one of the most intensively studied models for one-dimensional quantum magnetism, which is given by the Hamiltonian The nearest-neighbor correlator (1.2) is derived directly from the ground state energy which is obtained by Hulthén in 1938 [3] . The first nontrivial result (1.3) was derived by
Takahashi in 1977 via the strong coupling expansion of the ground state energy for the halffilled Hubbard model [4] . Note also that another derivation of the second-neighbor correlator (1.3) was given by Dittrich and Inozemtsev in 1997 [5] . These method, however, can not be generalized to calculate further correlators S z j S z j+k (k ≥ 3), unfortunately. On the other hand, utilizing the representation theory of the quantum affine algebra U q (ŝl 2 ), Kyoto Group (Jimbo, Miki, Miwa, Nakayashiki) derived a multiple integral representation for arbitrary correlation functions of the massive XXZ antiferromagnetic chain in 1992 [6, 7] , which is before long extended to the XXX case [8] and the massless XXZ case [9] . Furthermore the same integral representations were reproduced by Kitanine, Maillet, Terras [10] in the framework of Quantum Inverse Scattering Method. The integral formula for the correlation function on n lattice sites consists of n-dimensional integrals, of which the exact evaluation, even for the second-neighbor correlator (1.3), was not succeeded for a long time.
It is remarkable, therefore, that Boos and Korepin devised a method to evaluate these multiple integrals for XXX chain in 2001 [11, 12] . It was shown that the integrand in the multiple integral formula can be reduced to a canonical form, which allows us to implement the integration. This method was at first applied to a special correlation function called the Emptiness Formation Probability (EFP) [13] which is the probability to find a ferromagnetic string of length n:
The analytical forms of the EFP was obtained up to n = 5 [11, 12, 14] by performing the integration: In addition, their results were extended to XXZ chain both in massless and massive regime [16, 17, 18] .
In principle, multiple integrals for any correlation functions can be performed by means of Boos-Korepin method. However, P (5) is the only correlation function which was calculated by this method on five lattice sites. The problem lies in the fact that it requires enormously intricate calculations to reduce the integrand to canonical form as the integral dimension increases.
In order to proceed to further correlators, the alternative method to calculate the EFP was formulated by Boos, Korepin and Smirnov in 2003 [19] . They considered the inhomogeneous XXX model, in which each site carries an inhomogeneous parameter λ j . The homogeneous XXX model corresponds to the case with all the inhomogeneous parameters λ j set to be 0. Inhomogeneous correlation functions on n lattice sites are considered to be functions of variables λ 1 , . . . , λ n . Below let us give a brief survey of Boos-Korepin-Smirnov approach.
First they evaluate the multiple integrals for the inhomogeneous EFP up to n = 4 by Boos-Korepin method. The results consist of only one transcendental function, which is a generating function of the alternating zeta series, with rational functions of inhomogeneous parameters λ 1 , . . . , λ n as coefficients. From this observation they suggest an ansatz for the form of the general inhomogeneous correlation functions (the proof of which is now given [31, 32, 33] ). Moreover they derive the functional relations for the inhomogeneous EFP by investigating the quantum Knizhnik-Zamolodchikov (qKZ) equations [20, 21, 22, 23] , the solutions to which are connected with the inhomogeneous correlation functions [7, 8, 9] .
Together with the ansatz for the final form, they have obtained the explicit form for the inhomogeneous EFP up to n = 6, which gives a new result of P (6) in the homogeneous limit
=7.06812753309203 · · · × 10 −9 .
(1.10)
Generating function and its functional relations
In this section, we introduce the generating function of two-point spin-spin correlators and derive its functional relations.
Generationg function
First of all we define the generating function as
where κ is a parameter. We consider the inhomogeneous XXX model, as a result of which the correlation functions on adjacent n lattice sites depend on the inhomogeneous parameters λ 1 , . . . , λ n . From the generating function above, the two-point spin-spin correlators are obtained through the relation [29] 
Note that P κ n (λ 1 , . . . , λ n ) is a natural generalization of the EFP as
3) with other interesting relations
where we denote the inhomogeneous EFP as P n (λ 1 , . . . , λ n ). Especially by taking the homogeneous limit λ 1 → 0, . . . , λ n → 0, we have
Functional relations
In preparation for deriving the functional relations for the generating function, first we list those for general correlation functions [24] , which follow from the qKZ equations (see also [31] ):
• Translational invariance
10)
• Transposition, Negating and Reverse order relations
• Intertwining relation
• First recurrent relation
(2.14)
• Identity relation
• Reduction relation
Here we have used the notation Below we explore the functional relations for the generating function P κ n (λ 1 , . . . , λ n ). For convenience we introduce a new function P n,s (λ 1 , . . . , λ n ) defined by 19) which are explicitly written as, for example,
1,2 (λ 1 , . . . , λ 4 ) + P
1,3 (λ 1 , . . . , λ 4 ) + P
1,4 (λ 1 , . . . , λ 4 )
2,4 (λ 1 , . . . , λ 4 ) + P With this notation, the generating function P κ n (λ 1 , . . . , λ n ) is expanded in the form
Now we list the functional relations for P κ n (λ 1 , . . . , λ n ) and give their proof.
Proof. This is the direct consequence of that for general correlation functions (2.10).
• Negating relation
Proof. This follows from the transposition relation (2.11)
if we note that only the diagonal correlators are entered in the expansion (2.21).
• Symmtry relation
where σ denotes any element of the symmetric group S n .
Proof. It is enough to show that
From the intertwining relaiton (2.12), we have 26) and further 27) which yield
The above relations (2.26), (2.28) lead to
from which we can conclude the relation (2.25).
Proof. From the first recurrent relation for general correlation functions (2.13), we have P ++,ǫ 3 ,...,ǫn
and further
which is calculated into
by the reduction relation (2.16). These relations are enough to show that
from which it follows that
Taking into account the symmetry relation (2.24), we arrive at the first recurrent relation for P κ n (λ 1 , . . . , λ n ) (2.30).
• Second recurrent relation
Proof. From the second recurrent relation for general correlation functions, we have
which finishes the proof of the second recurrent relation for P κ n (λ 1 , . . . , λ n ) (2.36).
In this way, we have obtained all the functional relations needed for the calculation of
General form of the generating function
Next we consider the explicit form of the generating function P κ n (λ 1 , . . . , λ n ). Taking into account the general form of correlation functions [31] together with the symmetry relation (2.24), we can assume the generating function in the form
where A κ n,l (λ 1 , λ 2 | . . . |λ 2l−1 , λ 2l ||λ 2l+1 , . . . , λ n ) are rational functions with known denominator and ω(λ) is a transcendental function defined by
where
. . , λ n ) is a polynomial with the same degree in each variables λ 1 , . . . , λ n and also the same total degree as in the denominator of
We shall also need the following properties for the function ω(λ):
Moreover ω(λ) is a generating function of the alternating zeta values
Here we note that
Our proposal is that the functional relations (2.22), (2.23), (2.24), (2.30) and (2.36) together with the ansatz (3.39) fully determine the polynomial Q κ n,l (λ 1 , λ 2 | . . . |λ 2l−1 , λ 2l ||λ 2l+1 , . . . , λ n ) and therefore the generating function P κ n (λ 1 , . . . , λ n ). We make a simple observation that the second recurrent relation (2.36) is equivalent to the following recursion relation for Q κ n,l :
Taking into account of the initial condition
we can easily see that
In the subsequent sections, we show explicit calculations of P κ n (λ 1 , . . . , λ n ) for n ≥ 2.
4 Explicit calculations of the generating function
First we consider the generating function for n = 2, which is given in the form
where we have introduced the abbreviations ω jk = ω(λ jk ), λ jk = λ j − λ k . In this case, the rational function A κ 2,1 (λ 1 , λ 2 ||) has no denominator and has only a constant numerator
The first recurrent relation (2.30) gives a relation
Solving this equation for Q κ 2,1 , we have
which already gives the final answer for P κ 2 (λ 1 , λ 2 ):
Note that the second recurrent relation (2.36) is automatically satisfied. By taking the homogeneous limit λ 1 → 0, λ 2 → 0, we have
Through the relations (2.6) and (2.7), we recover the results for S z j S z j+1 and P (2).
n = 3
The generating function for n = 3 can be written as
Taking into account the symmetry relation (3.42) and the negating relation (2.23), we can assume the polynomial Q κ 3,1 (λ 1 , λ 2 ||λ 3 ) in the form The first recurrent relation is equivalent to the following two relations for A κ 3,1 (λ 1 , λ 2 ||λ 3 ):
Although these equations are an overdetermined linear system for the unkown coefficients Substituting it to the general form (4.7) and taking the homogeneous limit λ 1 → 0, . . . , λ 3 → 0, we obtain the homogeneous generating function for n = 3: 
n = 4
The generating function for n = 4 can be written in the form 
4 , (4.18)
where c • Negating relations
• Symmetry relations • Second recurrent relations
The first recurrent relation is calculated into the following four equations for A 
Taking the homogeneous limit λ 1 → 0, . . . , λ 4 → 0 in (4.16), we obtain the homogeneous generating function for n = 4:
which reproduces the results for S z j S z j+3 and P (4) through the relations (2.6) and (2.7). In this case, we have also a four-spin correlation function [15] through the relation (2.9):
We have applied the same procedure to obtain the explicit form of the generating function up to n = 8. First we put the polynomials Q κ n,l into the form
The unknown coefficients c κ n,l should satisfy the linear equations
• Negating relations
• Symmetry relations
• Second recurrent relations
The first recurrent relation for n = 5 is given in terms of the rational function A κ n,l as:
The corresponding relations for n = 6, 7, 8 are given in Appendix A.
We have solved this large linear system for the unknown coefficients c κ n,l up to n = 8. Since the obtained results are too complicated, we show them explicitly only for n = 5 case below: The homogeneous generating function is obtained by the homogeneous limit λ j → 0
In a similar way, the homogeneous generating function for n = 6 is obtained as:
where P 6,0 = P 6,6 = P (6), 
Although we have obtained the explicit forms of the generating functions up to n = 8, the whole expression of which for n ≥ 7 is too complicated to be described here. Therefore we only present the resulting new correlation functions S
5 Comparison with numerical diagonalization and asymptotic formula for P (n)
Here let us compare our new analytical expressions for correlation functions with numerical results by the exact diagonalization. It was recently known numerical data by the exact diagonalization for finite systems together with higher order extrapolation produce fairly good approximated values for correlation functions in the infinite system [15, 24] . In Table   5 .1, we have listed the data corresponding to the present correlation functions up to the system size N = 32. We have extrapolated the data by
and estimated the values in the infinite system by c 0 . As we can see, they agree quite well with our analytical results with more than 4 digits accuracy except for P (7) and P (8), which may be too minute to be calculated precisely by numerical simulation. On the other hand, it has been argued that the P (n) will exhibit Gaussian decay as n → ∞. The asymptotic formula proposed in [34, 35] is
where the Gaussian decay factor C and the power-law exponent γ are given by
Unfortunately the analytic formula for the prefactor A is not known yet. Here, however, we can estimate it from our analytical results up to P (8). In Table 5 .2, we calculate the ratio
for each P (n). We find A(n) tends to converge to a constant value as n → ∞, which we estimate as A = A(∞) = 0.84126 ± 0.00003. (1) A (2) A (3) A (4) A (5) A (6) A (7) A ( Using the estimated value of the prefactor A, we compare our analytical results with the asymptotic formula (5.39), which is shown in Table 5 .3 and Figure 5 .1. We can conclude that our results for P (n) are well in accordance with the asymptotic formula (5.39). 
Summary and discussion
We introduce the generating function of the two-point spin-spin correlator and derive its functional relations. It is shown that to determine the explicit form of the generating function is reduced to solving a large linear system of equations for the unknown coefficients c κ n,l of the polynomials Q κ n,l . Solving this large linear system, we obtain the generating function up to n = 8. Especially for the two-point spin-spin correlators, we have discovered their analytical expressions up to the seventh-neighbor correlator S z j S z j+7 . It is unrealistic, however, to apply this method to further correlation functions. Actually the cardinality of I 8,4 , for instance, is more than 3 × 10 6 . This means that in order to obtain the generating function for n = 8, we had to solve the linear system with the number of unknown variables being 
Appendix A First recurrent relations
In this appendix, we write down the explicit form of the first recurrent relations in terms of the rational function A κ n,l for n = 6, 7, 8. 
